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1. INTRODUCTION
The availability of effective character theoretic arguments makes the
study of embeddings of a particular ﬁnite group into classical Lie groups
much easier than the study of its embeddings into exceptional Lie groups.
In this paper our goal is to give short, reasonably uniform, character the-
oretic and module theoretic arguments to prove the existence of partic-
ular ﬁnite subgroups of exceptional groups of Lie type. As examples, we
apply the methods that we develop to give short proofs of the embed-
dings Ru < E75HS < E75 2F42′ < E65U38 < E7, and J1 <
G211. Apart from the much studied example J1 < G211, these embed-
dings have previously only been settled on a case by case basis with intricate
computation and group theoretic arguments.
Our main tool is the following simple module theoretic condition, which
is sufﬁcient to exhibit a G-invariant subalgebra in a known G-invariant Lie
algebra.
Lemma 1. Suppose that G is a group and that L is a G-invariant Lie
algebra. If V is a G-submodule of L such that the images of all G-module
homomorphisms from 2V to L are contained in V , then V is a G-invariant
Lie subalgebra of L.
Proof. The invariant Lie product on L restricts to a map π V × V → L,
which factors through the skew square of V . By our hypothesis, the image
of π is contained in V . Hence V is a (G-invariant) Lie subalgebra of L.
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We apply Lemma 1 to exhibit group invariant Lie algebras of exceptional
type as subalgebras of natural invariant matrix algebras.
Although the hypotheses of Lemma 1 are not satisﬁed for all actions
on exceptional Lie algebras, the examples that we present show that the
lemma provides a practical method to detect a variety of embeddings into
exceptional Lie groups. In particular, for the construction of embeddings
into an exceptional group other than E8, we ﬁnd that Lemma 1 is much
more widely applicable than the following well known sufﬁcient condition.
Lemma 2. Suppose that G is a group and that V is a kG-module for
which HomkG2V V  > 0 but HomkG3V V  = 0. Then V supports a
non-zero G-invariant Lie algebra.
Proof. The homomorphism from 2V to V provides a G-invariant anti-
commutative product   	 on V . If the Jacobi identity did not hold, we would
have a non-zero G-invariant homomorphism x y z 
→ x y	 z	 +
y z	 x	 + z x	 y	 from 3V to V . This would contradict our hypoth-
esis about 3V .
Lemma 2 has the advantage of exhibiting a Lie product that is guaranteed
to be non-zero. However, our examples show that Lemma 1 seems to be
more versatile. For example, all ﬁve of the group embeddings established
in Sections 4, 5, and 6 can be obtained by applying Lemma 1, but only
one of them, Ru < E75, can be obtained as an application of Lemma 2.
We give a heuristic explanation for the greater applicability of Lemma 1 in
Section 7.
Our standard sources of information about particular groups are
[ATLAS, ATmod]. Maps that represent actions of elements of a group or
Lie algebra on a module are written on the right. Other maps are writ-
ten on the left. Modules and Lie algebras are ﬁnite dimensional and are
deﬁned over a ﬁeld that we call k, unless otherwise stated.
2. NATURAL LIE SUBALGEBRAS OF SPACES OF
HOMOMORPHISMS AND TENSORS OF RANK 2
In applications of Lemma 1, some natural G-invariant Lie algebras
appear in the role of L. We review them now.
Throughout this paper XY  denote the space of k-linear transforma-
tions from X to Y , and X ⊗ Y denotes the tensor product (over k) of X
and Y . If W is a G-module, then the standard Lie bracket on WW  is
a G-invariant Lie product. Moreover, if W has a G-invariant bilinear form
   then the Lie algebra WW  has a well-known G-invariant subalge-
bra consisting of maps  for which x y + x y = 0 for all vectors x y
in W . We refer to this subalgebra as the Lie algebra of the bilinear form.
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For character theoretic purposes it is convenient to reinterpret these Lie
algebras as algebras on spaces of tensors of rank 2. Write W ∗ for the dual
module of W . The tensor product of W ⊗ W ∗ is naturally isomorphic to
WW ; therefore it must support a G-invariant Lie product (the transla-
tion of the Lie bracket on WW ). If the module W has a non-singular
G-invariant bilinear form   , then W is self-dual and we can translate the
Lie product on W ⊗W ∗ to an invariant Lie product on W ⊗W .
Lemma 3. Suppose that k is a ﬁeld with characteristic other than 2. Let
W be a kG-module with a non-singular invariant bilinear form   . If    is
symmetric (resp. antisymmetric), then the G-invariant Lie product on W ⊗W
restricts to a Lie product on 2W (resp. S2W ).
Proof. Let ε denote the sign of the bilinear form   , so that x y =
εy x for all vectors x y. Let wi be a basis of W and let xi be the
dual basis of W with respect to   , so that wi xi = δi j . Let φ W ⊗
W → WW  be the natural isomorphism for which φw ⊗ w′ is given
by xφw⊗w′ = xww′.
The linear combination c =∑ ci jwi ⊗wj is mapped by φ to an element
of the Lie algebra of the bilinear form    if and only if xlφc xm +
xl xmφc = 0 for all choices of l and m. This holds if and only if∑
ci jxlwiwj xm + xlwjxmwi = 0 for all l and m. This hap-
pens if and only if εclm + cml = 0 for all l and m. Therefore, the appro-
priate space of symmetrized tensors of rank 2 is mapped by φ to the Lie
algebra of the invariant bilinear form. In particular, φ−1 translates the prod-
uct operation of the Lie algebra of the bilinear form into a G-invariant
product on the appropriate space of symmetrized tensors of rank two.
The natural Lie products, just described, on the spaces WW ,
W ⊗ W ∗W ⊗ W2W , and S2W are denoted by   	 (where in the last
three cases, existence of the Lie product requires existence of an appro-
priate invariant bilinear form). We remark that all of the natural Lie
algebras under discussion are isomorphic (as G-algebras) to subalgebras of
WW . In particular, W is a module for any of these Lie algebras.
Recall that any representation ρ of a Lie algebra L on a module W
induces a symmetric bilinear form on L with  ′ = Traceρρ′.
This is known as the trace form on L induced by the module W .
Lemma 4. (a) The module W induces a non-singular form on the Lie
algebra WW .
(b) Suppose that k has a characteristic other than 2, and    is a non-
singular bilinear form on W . Then W induces a non-singular trace form on
the Lie algebra of   .
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Proof. (a) This is an easy exercise. For (b), as in the proof of Lemma 3,
let ε denote the sign of   , let wi be a basis of W , let xi be the dual
basis of W with respect to   , and let φ W ⊗W → WW  be deﬁned
by xφw⊗w′ = xww′.
Suppose that a transformation  belongs to the kernel of the trace form.
From the proof of Lemma 3, for all choices of i and j φwi ⊗wj − εwj ⊗
wi is in the Lie algebra of   . Hence, for all i and j 0 = Traceφwi ⊗
wj − εwj ⊗ wi =
∑
kxkφwi ⊗wj − εwj ⊗wiwk =
∑
kxkwi×
wj− εxkwjwiwk = εwjwi − wiwj = wiwj − wiwj.
Since  is in the Lie algebra of   , we obtain 0 = 2wiwj, for all i and
j. It follows that wj is 0, for all j. Hence  = 0.
3. IDENTIFICATION TECHNIQUES FOR LIE ALGEBRAS WITH
LARGE GROUPS OF AUTOMORPHISMS
Several simple conditions help in identifying Lie algebras constructed
with Lemmas 1 and 2. Among them, we favor character theoretic and
module theoretic hypotheses. In all of our applications, we start with a
ﬁnite group G and an irreducible G-module V , suspected to support a G-
invariant Lie algebra. We apply either Lemma 1 or Lemma 2 to deﬁne such
an algebra, and we then work to identify the algebra as a simple “classi-
cal Lie algebra” with one of the types AnBnCnDnG2 F4 E6 E7, and
E8. Note that the simple classical modular Lie algebras include exceptional
types [Seligman], in contrast to the more restricted collection of classical
groups.
We identify a G-invariant modular Lie algebra on V by showing that the
algebra is non-abelian (that is, the Lie product on V is not identically 0), the
algebra has a module that induces a non-singular trace form, and the alge-
bra is simple. We can then ﬁnish the identiﬁcation by applying longstanding
classiﬁcations of simple modular Lie algebras with non-singular trace forms.
The following lemmas show that such conclusions can be reached by using
convenient purely representation theoretic data.
The following simplicity criterion is proved in [R1, KMR1].
Lemma 5. Suppose that V is an irreducible G-module that admits a G-
invariant (nonassociative) product. Then either the product is identically zero,
or the module V is an induced G-module, or the algebra V is simple.
We next give a very simple condition that we apply to show that particular
Lie algebras constructed by Lemma 1 possess non-singular trace forms.
Lemma 6. Suppose that L is a G-invariant Lie algebra with a non-singular
G-invariant trace form, and suppose that V is an irreducible G-subalgebra
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of L. If the G-module L/V has no quotient dual to V , then V also has a
non-singular trace form.
Proof. If V were singular with respect to the non-singular trace form
on L, its dual would be an irreducible G-invariant quotient of L/V . Our
hypothesis rules out such a composition factor in L/V . We deduce that
the non-singular trace form on L restricts to a non-singular trace form
on V .
In our applications of Lemma 1, we generally begin with a G-invariant
Lie algebra L that is one of the natural subalgebras of WW  of Sec-
tion 2. The criteria given in Corollary 8 and Lemma 9 serve to show that a
Lie subalgebra given by Lemma 1 is non-abelian.
Lemma 7. Suppose that W is an absolutely irreducible G-module and that
V is a G-invariant abelian Lie subalgebra of WW . Then the action of V
on W can be simultaneously diagonalized.
Proof. Extend the scalars to an algebraically closed ﬁeld. Let w be a
common eigenvector of the action of V on W . Then wG spans W , by
irreducibility of W . But wG is a set of common eigenvectors of V by G-
invariance.
Corollary 8. Suppose that W is an absolutely irreducible G-module and
that V is a G-invariant Lie subalgebra of WW  with dimV  > dimW .
Then V is not abelian.
Proof. Otherwise, by Lemma 7, the action of V can be simultaneously
diagonalized on W . However, a diagonal action on W depends on no more
than dimW  parameters, so we cannot have dimV  > dimW .
We can replace the irreducibility requirement of Corollary 8 by other
module theoretic conditions on W . For example, the following non-triviality
condition applies to the invariant Lie algebras considered for the groups Ru
and HS.
Lemma 9. Suppose that W is a G-module with exactly two absolutely
irreducible composition factors, that these composition factors W1 and W2
are mutually dual, that V is a G-invariant Lie subalgebra of WW  with
dimV  > dimW , and that the G-module V has no non-zero homomorphic
image in W1 ⊗W2.
a. Then V is abelian if and only if there is a proper G-invariant sub-
module Ws ≤ W such that all elements of V map W to Ws and map Ws
to 0.
b. If W induces a trace form on V that is not identically zero then V
is non-abelian.
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Proof. Extend the scalars to an algebraically closed ﬁeld. For v ∈ V ,
write mv for the action of v on W .
(a) Observe that if there is a subspace Ws ≤ W with the stated prop-
erty, then mV mV  = 0 and thus mV mV 	 = 0. However, m is an
isomorphism of Lie algebras, since V is a subalgebra of WW . Hence,
V is abelian.
Conversely, if V is abelian, let w be a common eigenvector of the linear
transformations in mV . The set wG must span a proper submodule Ws of
W . (Otherwise, arguing as in Lemma 7, we obtain a basis of W consisting
of images of w. These images are common eigenvectors of mV . Now,
arguing as in Corollary 8, we obtain dimV  ≤ dimW , in contradiction to
the hypotheses of the lemma.) Write Wq for W/Ws. By switching the roles
of W1 and W2 if necessary, we may assume that Ws ∼= W1 and Wq ∼= W2.
Now wG, a set of common eigenvectors ofmV  (byG-invariance), spans
Ws. It follows that mV  acts on Ws. Therefore, the map v 
→ mvWs is
a G-invariant map from V to WsWs. But WsWs ∼= Ws ⊗ W ∗s ∼=
W1⊗W2. Our hypothesis about homomorphisms from V to W1⊗W2 implies
that mvWs is zero for all v ∈ V . In other words, Ws mV  = 0.
Write m¯v Wq → Wq for the map obtained by composing mv with
the natural projection of W onto Wq. (Note that mv can be viewed as a
map from Wq to W , since Ws ⊂ kermv has just been proved.) The map
v 
→ m¯v is a G-invariant map from V to WqWq. But WqWq ∼=
W1 ⊗W2, so that m¯v = 0 for all v ∈ V . We deduce that W mV  ⊂ Ws.
(b) If V is abelian, then by (a), W has a proper subspace Ws with
W mV  mV  ⊂ Ws mV  = 0. Therefore, all elements of mV mV  act
as 0 on W . In particular, W induces a vanishing trace form on V .
In the modular case, in characteristics greater than 3, we can appeal to
longstanding results of Block and Steinberg to identify the full automor-
phism group of a non-abelian simple modular Lie algebra with a non-
singular trace form. For example, we can compile implications of their
results in the following lemma, which is convenient for our applications.
Lemma 10. Suppose that V is a simple modular Lie algebra that is deﬁned
over a ﬁnite ﬁeld k of characteristic at least 5. Suppose that V has a non-
singular trace form. Let / denote the automorphism group of V . If dimV  =
14 26 133, or 248, then the group / is a subgroup of the automorphism group
of a Chevalley group of type G2k F4k E7k, or E8k, respectively. If
dimV  = 78, then / is a subgroup of the automorphism group of a Chevalley
group of type E6k 2E6k B6k, or C6k.
Proof. Block’s theorem [Block] states that over an algebraically closed
ﬁeld of characteristic greater than 3, a simple modular Lie algebra with a
non-singular trace form has classical type A1 0 0 0  E8. Hence, the algebra
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formed from V by extending the scalars to an algebraically closed ﬁeld has
classical type. Accordingly, V is a k-form of a simple modular Lie algebra
of classical type.
In the situation where dimV  is 14, 26, 133, or 248, the algebra V
can only be a k-form of an algebra G2 F4 E7, or E8, respectively. Now,
Theorem IV.6.1 of [Seligman] shows that there exists just one k-form of
G2 F4 E7, or E8, since k is a ﬁnite ﬁeld of characteristic greater than 3.
Finally [Steinberg] shows that AutV  has the stated type.
In the case dimV  = 78, the algebra V must be a k-form of an algebra
of type E6 B6, or C6. According to Theorem IV.6.1 of [Seligman], we must
consider two different forms of E6 and one form of each of B6 and C6. Once
again, the corresponding structures for AutV  are given by [Steinberg].
4. CHARACTER THEORETIC APPLICATIONS
TO EMBEDDINGS
We illustrate three purely character theoretic applications of Lemma 1—
we remark that the hypotheses of Lemma 2 do not hold in any of the three
situations.
In these applications we work with characters and modular characters of
ﬁnite groups. An irreducible character is denoted by its degree, possibly
with an alphabetic subscript to distinguish distinct irreducible characters of
a given degree, or with a superscript of ∗ to denote the duality relation-
ship between two distinct characters of the same degree. Our convention
ensures that any irreducible character written without a subscript is self-
dual. However, there may be some self-dual characters with a subscript.
Irreducible modules are named with the same convention.
The following three embeddings were ﬁrst obtained in [GR1], in [Janko],
and in an unpublished manuscript of Aschbacher, respectively.
Theorem. The group U38 embeds in the complex Lie group E7.
Proof. The group U38 has a single irreducible complex character
of degree 56 and three irreducible characters of degree 133 [ATLAS].
Observe that 256 = 1 + 513a + 513b + 513c . Hence, by Lemma 3, there
is a natural U38-invariant Lie structure on S256. Furthermore, S256 =
133a + 133b + 133c + 399a + 399b + 399c , and 2133a = 57 + 57 + 133a +
512 + 513a + 513b + 513c + 513d + 513e + 513f + 513g + 513h + 513i +
567a + 567b + 567c + 567d + 567e + 567f . Since the only common irre-
ducible in these decompositions is 133a, Lemma 1 implies that U38 acts
irreducibly on a 133-dimensional Lie subalgebra of 56 56. By Corol-
lary 8, this Lie algebra is non-abelian. Now, Lemma 5 implies that the Lie
algebra is simple. (Note that the possibility of an induced module, raised
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by Lemma 5, cannot occur because the largest maximal subgroup of U38
has index 513.) Over the complex numbers, the only 133-dimensional sim-
ple Lie algebra is E7. Therefore, the simple group U38 must embed into
the simple part of the automorphism group of E7.
Theorem. The group J1 embeds in the Chevalley group G211.
Proof. Over the ﬁeld F11, the group J1 has unique absolutely irreducible
representations of degrees 7 and 14 [Janko]. Uniqueness shows that the
corresponding representations must be self-dual. Observe that S27 = 1 +
27. The self-dual module S27 is completely reducible (otherwise self-duality
would require it to have two different composition factors with a common
degree). Hence, by Lemma 3, there is a natural J1-invariant Lie structure
on 27.
Now, 27 = 7 + 14, and by self-duality the corresponding module is
completely reducible. Furthermore, 214 = 14 + 77c . The only common
irreducible in these decompositions is 14. Lemma 1 implies that J1 acts
irreducibly on a 14-dimensional Lie subalgebra of 7 7. By Corollary 8,
this Lie algebra is non-abelian. Now, Lemma 5 implies that the Lie alge-
bra is simple (the possibility of an induced module cannot occur because
the largest maximal subgroup of J1 has index 266). By Lemmas 4 and 6,
the J1-invariant Lie algebra has a non-singular trace form, and the required
embedding follows from Lemma 10.
Note that the application of Lemma 1 in this argument requires a 14-
dimensional submodule of 27. Accordingly, we need to consider the mod-
ule structure of 27 in enough detail to be certain that there exists a
submodule with character 14. In contrast, we only need character theoretic
information about 214. Similar considerations apply in other applications
of Lemma 1 to embeddings in ﬁnite characteristic, such as the proof of the
following theorem.
Theorem. The group 2F42′ embeds in the Chevalley group E65.
Proof. Over the ﬁeld F5, the group 2F42′ has two dual absolutely irre-
ducible representations of degree 27 [ATmod]. Observe that 27a ⊗ 27∗a =
1+ 78+ 650 and 278 = 78+ 325+ 1300a + 1300b. The self-dual module
27a ⊗ 27∗a is completely reducible (otherwise self-duality would require it
to have two different composition factors with a common degree). Since
the only common irreducible in these decompositions is 78, Lemma 1
implies that 2F42′ acts irreducibly on a 78-dimensional Lie subalgebra of
27a 27a. By Corollary 8, this Lie algebra is non-abelian. Now, Lemma 5
implies that the Lie algebra is simple (the possibility of an induced module
cannot occur because the largest maximal subgroup of 2F42′ has index
1600). Lemmas 4 and 6 imply that the 2F42′-invariant Lie algebra has a
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non-singular trace form. Now, by Lemma 10, 2F42′ embeds into one of
the groups E65 2E65 B65, and C65. However, 2F42′ has no faith-
ful projective 5-modular representations of degree 12 or 13, so the last two
candidates are impossible. To rule out the second candidate, we observe
that the representation 27a is not unitary (since it is written over F5 but
is not self-dual), whereas any 27-dimensional irreducible representation of
2E65 is unitary (see for instance Proposition 5.4.17 of [KL]).
An elegant character theoretic proof of the embedding 2F42′ ≤ E6 is
given in [CW]. This embedding in characteristic 0 can also be obtained as a
straightforward application of either Lemma 1 or Lemma 2: By Corollary 1
to Proposition 8 of [Serre], existence of an embedding in characteristic 0
implies an embedding of 2F42′ into a group of type E6 over some ﬁeld of
characteristic 5. However, our theorem establishes the stronger result that
the embedding takes place over the prime ﬁeld F5.
5. THE EMBEDDING Ru < E75
The embedding Ru < E75 is analyzed separately because this is our
one example where Lemma 2 applies. Hiss and Muller determine the 5-
modular character table of 2Ru and note that over k = F5 the group Ru
has an absolutely irreducible 133-dimensional representation V for which
HomkG2V V  > 0 but HomkG3V V  = 0. The paper [HM] concludes
that V therefore supports a non-trivial Ru-invariant Lie algebra (implicitly
using Lemma 2). We now carry out the ﬁnal step of identifying this Lie
algebra to complete a character theoretic proof that Ru < E75 (other
proofs are given in [GR1, KMR2]).
Any non-abelian Ru-invariant Lie algebra on V is simple, by Lemma 5
(note that the largest maximal subgroup of Ru has index 4060, so V cannot
be induced). However, we know of no convenient result such as Lemma 6
to show that the Killing form of an algebra given by Lemma 2 is non-zero.
The following ad hoc argument utilizes one of the maximal subgroups of
Ru to identify the invariant Lie algebra.
Proposition 11. If there exists a non-abelian Ru-invariant Lie algebra on
V , then:
a. There exists a non-singular, Ru-invariant, associative bilinear form
on the Lie algebra.
b. The Lie algebra has type E7 and Ru < E75.
Proof. (a) Since the module V is self-dual, the non-zero element of
HomkG2V V  given by the Lie product corresponds to a non-zero ele-
ment of HomkG2V ⊗ V k. However, 2V ⊗ V is a sum of 3V and a
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copy of the mixed symmetrized tensor cube of V . Furthermore, character
decomposition proves that k is not a composition factor of the mixed ten-
sor cube of V . We deduce that the Lie product on V actually corresponds
to an element of HomkG3V k. In other words, the Ru-invariant bilinear
form on V provides an associative form on the Lie algebra.
(b) Let H be a maximal subgroup of Ru with H ∼= 26 ·G22. The
restriction V H is a direct sum of irreducible constituents U and W of
degrees 7 and 126. (The decomposition is easily calculated from the ordi-
nary character table of H—note that 5 H.) The module U consists of the
set of the vectors of V ﬁxed by all elements of the normal subgroup T ∼= 26
in H. The group T ﬁxes no non-zero vectors of W . It follows that U ⊗ U
contains no copy of W and that U ⊗W contains no copy of U . In particu-
lar, by Lemma 1, U is an H-invariant Lie subalgebra of V . Moreover, the
restriction of the Lie product on V to U ×W endows W with the structure
of a U-module.
The group H has a non-trivial homomorphism to G25. (See [ATLAS,
p. 114]. Alternatively, this homomorphism is exhibited by an application of
Lemma 1 to produce an embedding of G22 into G25—this exercise is
very similar to the examples of Section 4.) Hence, H acts non-trivially on
a 7-dimensional Malcev algebra. (This Malcev algebra is a 7-dimensional
nonassociative k-algebra invariant under G25. For example, it can be con-
structed as the orthogonal complement of the scalars in the octonians over
k.) The 7-dimensional orthogonal H-module underlying the Malcev algebra
is isomorphic to U (see the character table of [ATLAS, p. 14]).
Since U has multiplicity 1 in 2U , there is an essentially unique H-
invariant anticommutative product on U . In particular, because U supports
an invariant Malcev algebra, it cannot support a non-abelian invariant Lie
algebra. However, we have already established that U is a subalgebra of
the Lie algebra V . Therefore, U must be an abelian Lie subalgebra of V .
Now, Lemma 7 shows that U has a diagonalizable action on W (the
diagonalization might involve an extension of scalars). It follows that U
has a diagonalizable (that is toral) action on V = U ⊕ W . Hence, U is a
Cartan subalgebra of V (the normalizer of U cannot exceed U because it
is a proper H-invariant submodule of U ⊕W ).
We have now shown that the Lie algebra obtained from V by extending
scalars to an algebraically closed ﬁeld is simple, has a non-singular asso-
ciative bilinear form, and has a diagonalizable Cartan subalgebra. The Lie
algebra therefore meets one of the characterizations of classical Lie alge-
bras [Seligman, p. 28]. Since dimV  = 133, V must be a form of E7, and
using the same argument as in the proof of Lemma 10 we deduce that Ru
embeds in E75	.
Corollary. The group Ru embeds in the Chevalley group E75	.
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Although we omit the rather intricate details, we have used the 5-modular
character table of 2Ru (from [HM]) and no other information or computer
calculations about the group 2Ru to establish the following module theo-
retic data (see [R2] for examples of character theoretic arguments that are
sufﬁcient to determine similar module theoretic data).
Proposition 12. Over the ﬁeld F5, the group 2Ru has exactly two mutu-
ally dual 28-dimensional absolutely irreducible representations. For just one
of these representations, denoted by 28a, there is a surjective homomor-
phism S228a → V . The module 28a ⊗ V has a unique indecomposable
56-dimensional image W . W has irreducible socle 28a and irreducible head
28∗a. The module W is self-dual, and HomkGVW ⊗ W  is 1-dimensional.
Moreover, V is the only composition factor common to both W ⊗ W and
2V . Further, V has multiplicity one as a composition factor of 2V .
Proposition 12 exhibits a copy of V in L = W ⊗ W , which meets the
hypotheses of Lemma 1. We deduce that there exists a Ru-invariant Lie
product on V . Moreover, Proposition 12 and Lemma 9a prove that the Ru-
invariant Lie product on V is non-abelian. Proposition 11 now implies that
Ru < E75.
In the next section, we ﬁnd that the group HS acts on a very similar
conﬁguration of modules, which leads to an embedding ofHS into E75. In
Section 7 we examine other consequences of Proposition 12. For instance,
we employ it to show that the 56-dimensional module for 2E75 must
restrict to an indecomposable module with socle 28a for any subgroup 2Ru.
6. A MODULE THEORETIC APPLICATION: HS < E75
In this section, we apply Lemma 1 to produce an action of HS on a Lie
algebra of type E7 in characteristic 5. We use a computer analysis of the
structure of certain 2HS-modules to verify that the hypotheses of Lemma 1
hold.
The double cover 2HS has exactly two (dual) irreducible 5-modular rep-
resentations of degree 28. We call these representations 28a 28∗a. Since
these representations are interchanged by an outer automorphism of HS,
the designation is completely arbitrary.
The module S228a has ﬁve composition factors with degrees 21, 21, 98,
133, and 133. The two constituents of degree 21 are isomorphic, but the
two constituents of degree 133 are not. A routine computation, using the
MeatAxe [Parker], proves that one of these 133-dimensional constituents,
denoted 133a, is in the socle but not in the head of S228a. Similarly, the
other 133-dimensional constituent, named 133b, is in the head but not in
the socle of S228a. Application of an outer automorphism of HS shows that
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in S228∗a the socle contains 133b but not 133a, whereas the head contains
133a but not 133b.
In order to obtain a small potential module W for an algebra of type
E7, we construct a 56-dimensional self-dual module for 2HS. This module
is a non-split extension with composition factors 28a and 28∗a. The steps
of the following construction lead to a uniquely determined module with
an appropriate structure. The ingredients of the construction are the 2HS-
module 28a [ATrep] and the irreducible HS-module of degree 55 [ATrep].
These modules are both deﬁned over F5.
Computer Construction. Given the 5-modular representations 55
and 28a of 2HS, we obtain an indecomposable representation W of 2HS,
which is 56-dimensional, is deﬁned over F5, has socle 28a and head 28∗a,
and supports an anticommutative invariant bilinear form.
Method. The tensor product 28a ⊗ 55 has composition factors 28a 28a,
28∗a 120b 440b 440b 456a. In the tensor product, there is a unique submod-
ule M whose head is 28∗a. The module M is constructed with the MeatAxe.
We ﬁnd that M has dimension 496, and its socle is a direct sum of irre-
ducible constituents 28a and 440b. The MeatAxe shows that the quotient of
M by its submodule 440b is an indecomposable module W0 with irreducible
socle 28a, irreducible head 28∗a, and no further composition factors.
The module W0 is not self-dual. However, the self-dual direct sum W0 ⊕
W ∗0 contains six isomorphism types of uniserial modules with the same com-
position factors as W0. A standard MeatAxe computation constructs all six
of these modules, and we select W as the single one with an invariant anti-
commutative bilinear form. In [R3] we consider this construction in a more
general setting and show that non-self-dual extensions of dual modules can
always be modiﬁed in this way to produce self-dual extensions.
Note that no step of this construction requires a ﬁeld extension; conse-
quently W is deﬁned over F5.
We now gather the data needed to apply Lemma 1 to L = S2W . We again
rely on the MeatAxe to verify the necessary module theoretic assertions.
Proposition 13. (a) The composition factors of 28a ⊗ 28∗a are 1, 55,
210, and 518.
(b) The module S2W has composition factors 214 982 1332a 133
2
b 1
55 210 518.
(c) The module 2133b has composition factors 133b 210 280a 280b
650 12752 1925 2750.
(d) The module 2W has a 1-dimensional quotient.
(e) Any submodule of S2W with a composition factor 210 also has com-
position factors 133a 98, and 21.
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(f) The module S2W has a direct summand 133b and the corresponding
quotient S2W/133b has no submodules or images with structure 133b.
Proof. The lists of composition factors in (a), (b), and (c) are immedi-
ate from the 5-modular character table of [SW]. Part (d) is guaranteed by
our choice of W . The structural information about S2W in (e) and (f) is
computed with a routine application of the MeatAxe.
The following theorem was ﬁrst proved in [KMR1].
Theorem. The group HS embeds in the Chevalley group E75.
Proof. Proposition 13d and Lemma 3 imply that S2W supports a natu-
ral HS-invariant Lie product. Proposition 13f shows that S2W has a unique
HS-submodule V with character 133b. According to Proposition 13b, c, the
common composition factors of S2W and 2V are 133b and 210. However,
the image of a homomorphism from 2V to S2W cannot involve a com-
position factor 210 without accompanying factors of 133a, 98, and 21 (by
Proposition 13e). We deduce that the image of any homomorphism from
2V to S2W must be contained in V . Hence, by Lemma 1, V is a subalge-
bra of the Lie algebra on S2W .
Proposition 13f and Lemma 6 imply that W induces a non-singular trace
form on V . Now, Lemma 9b proves that the Lie product on V is non-zero
(Proposition 13a shows that V is not a homomorphic image of 28a ⊗ 28∗a).
By Lemma 5, the Lie algebra on V is simple (the only induced HS-modules
with degrees at least as small has dimV  have dimension 100). We are now
in a position to apply Lemma 10 to obtain the desired embedding.
7. COMMENTS AND QUESTIONS
Our interest in Lemmas 1 and 2 reﬂects our opinion that for a group
G, there are many convenient and efﬁcient ways to identify a G-invariant
Lie algebra of exceptional type, but there are few easy options for proving
existence of such an algebra.
To see that Lemma 1 is a very natural approach to the construction
of invariant Lie algebras, observe that its conditions originate as follows.
Suppose that V is a G-invariant non-abelian simple Lie algebra with a
module W . Then V is an invariant subalgebra of the invariant Lie algebra
L = WW . We see that as a G-module, V is simultaneously a quotient
of 2V and a submodule of L. Lemma 1 is effective in situations when no
other kG-submodules of L are in 2V .
If the group G is sufﬁciently large, compared to dimL and dimV ,
we would view any “accidental” relationship between composition factors
of 2V and L as unlikely. Indeed, in characteristic 0, if G > 23 dimL×
dim2V  then L and 2V are expected to share less than two common
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irreducible constituents. (We make this estimate by a character inner prod-
uct, ignoring the contributions of non-identity elements.) In this way, we
think of the conditions of Lemma 1 as sufﬁcient for an action of G on a
Lie algebra that are “likely to be necessary” if G exceeds this bound.
Lemma 2 can be considered in a similar light. In this case, in charac-
teristic 0, the conditions are “likely to be necessary” if V and 3V share
no common constituent. An estimate of the inner product of the corre-
sponding characters shows that we would expect this to occur if G >
2 dimV  dim3V .
The relative efﬁcacy of Lemmas 1 and 2 depends on the available repre-
sentations V and L. For example, in order to apply the lemmas to pro-
duce embeddings into E7, we should use L = S256 and V = 133.
Thus, we would expect Lemma 1 to be useful for groups of order at least
9,339,792 ≈ 107 and Lemma 2 to be useful for groups of order at least
101,959,396 ≈ 108. In the ﬁrst example of Section 4, we have U38 ≈
505× 106. Lemma 1 succeeds even though the group is too small for us to
be conﬁdent of its success. However, the successful application of Lemma 2
would be very unlikely. As it happens, the group U38 is normalized in
E7 by a subgroup U386. This larger group has an order of about
3 × 107, which is right in the range where we would expect Lemma 1 to
apply and Lemma 2 to fail.
A similar analysis shows that Lemma 1 is also likely to be more effective
than Lemma 2 for the construction of invariant Lie algebras of types G2 F4,
and E6. (It is in these cases that the adjoint representation is not a minimal
faithful representation of the Lie algebra.) In characteristic 0, we would
expect Lemma 1 to be successful when G exceeds 1274, 287,300, and
1,459,458 and Lemma 2 to be successful when G exceeds signiﬁcantly
larger cutoffs of 10,192, 2,298,400, and 11,867,856, respectively.
The majority of the examples of ﬁnite SL2 and PSL2 subgroups in excep-
tional complex Lie groups fall outside the range of Lemmas 1 and 2. How-
ever, these embeddings can already be tackled by an elegant and general
approach of [Serre] and by computational methods described in [GR2].
We now consider the module theory involved in the application of
Lemma 1 to embeddings of Ru and HS into E75. Write G for the dou-
ble cover of the group under consideration, k for the ﬁeld F5, V for
a G-invariant Lie algebra of type E75, and W for a 56-dimensional
V -module. Observe that W is a G-module, since it is a module for the
double cover of E75.
The known 5-modular character table of G shows that the G-module V
is irreducible and the G-module W has two mutually dual, 28-dimensional,
irreducible constituents, W1 and W2 say. Our analysis in Sections 5 and 6
shows that V belongs to the socle of the symmetric square of just one of
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these 28-dimensional modules and to the head of the symmetric square of
the other. We may choose notation so that V belongs to the head of S2W1.
From Sections 5 and 6, we know that there exists a G-invariant prod-
uct of type E7 on V for which W is an indecomposable G-module with
socle W1 and head W2. We now show that there cannot be another invari-
ant E7-structure on V for which W is completely reducible as a G-module.
(An identical analysis shows that W cannot be indecomposable with socle
W2.) Otherwise, suppose that W2 ⊂ SocleW . From the analysis presented
in Sections 5 and 6, the only copy of V in S2W  is contained in the natu-
ral submodule S2W2. It follows that under the embedding into WW 
elements of V give maps whose kernels contain W2 and whose images are
contained in W2. Now, by Lemma 9, V is abelian, in contradiction to its
supposed simplicity.
It is interesting to note that Lemma 1 can be applied almost effortlessly to
ﬁnd a 133-dimensional G-invariant Lie subalgebra in L = W1⊕W2W1⊕
W2, because there is an obvious copy of V in S2W2 ⊂ S2W1⊕W2. How-
ever, as we have just seen, the resulting Lie algebra must be abelian. The
rather more interesting invariant Lie algebras that we located in Sections 5
and 6 owe their existence to a “surprising” embedding of V into S2W  in
a situation where V does not simply embed in S2SocleW .
Of course, the group 2HS has an invariant Lie algebra of type E7 on
“the other” 133-dimensional representation, for which the 56-dimensional
E7-module restricts to a uniserial 2HS-module with socle W2.
In applications where we are prevented from exhibiting an invariant Lie
subalgebra V in a natural G-invariant Lie algebra L because the hypotheses
of Lemma 1 do not hold, we can instead proceed computationally by check-
ing that the Lie product of L restricts to V . A computation of this type is
applied in [GR3]. In such computations, we need explicit formulas for the
Lie products on the spaces of tensors of rank two, considered in Section 2.
We now obtain these formulas. Write    for the pairing W ×W ∗ → k.
Lemma. Suppose that W is a G-module and W ∗ is the dual module. Let
  	 denote the standard Lie product on WW  and the translate of this
product to the naturally equivalent module W ⊗ W ∗. Then on W ⊗ W ∗ we
have w1 ⊗ x1 w2 ⊗ x2	 = w1 x2w2 ⊗ x1 − w2 x1w1 ⊗ x2.
Proof. Under the isomorphism W ⊗ W ∗ → WW , the tensor
wi ⊗ xj corresponds to the map θi j w 
→ wxjwi. Hence, w1 ⊗
x1 w2 ⊗ x2	 corresponds to the map θ1 1 θ2 2	 w 
→ wx1w1 x2w2 −
wx2w2 x1w1 = w1 x2wθ2 1 − w2 x1wθ1 2.
Corollary. Suppose that W is a self-dual G module with a non-singular
invariant bilinear form   . Then, the naturalG-invariant Lie product on W ⊗
W is deﬁned by w1 ⊗w2 w3 ⊗w4	 = w1 w4w3 ⊗w2 − w3 w2w1 ⊗w4.
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In characteristics other than 2, a formula for any natural G-invariant Lie
product on 2W or S2W is obtained from the corollary by restriction.
We conclude by noting that there are a number of interesting embeddings
of sporadic simple groups in exceptional Chevalley groups in characteris-
tics 2 and 3. We have avoided considering these examples because Block’s
classiﬁcation of Lie algebras with a non-singular trace form does not apply
in these small characteristics. We wonder whether the strong hypothesis of
an irreducible automorphism group could be used to obtain an appropriate
classiﬁcation theorem for modular Lie algebras in all characteristics.
Note Added in Proof. I am grateful to J.-P. Serre for three email mes-
sages with the following observations:
A comment on the embedding of the group G = 2F42′ into E65: If
one looks more closely, one ﬁnds that the character proof of [CW] gives
an even better result. The Schur indices of the characters ρ and ξ of [CW]
are equal to 1 (over Qi and over Q, respectively). This is done by stan-
dard methods; see for example [Feit]. Hence G02 = 2F42 embeds in EQ,
where E is a Q-form of E6 of exterior type relative to the quadratic exten-
sion Qi/Q. When one reduces modp, for any prime p, and uses Corol-
lary 1 to Proposition 8 of [Serre], one ﬁnds:
if p ≡ 1 mod 4, G embeds in E6p, where E6 means the split
(= Chevalley) form of the simply connected E6 over Fp;
if p ≡ 3 mod 4, G embeds in the non-split E6 over Fp.
Your U38 < E7 is quite nice too. The 133a character, used in the proof,
can be deﬁned over Q (Schur index 1). This—combined with the character
computation of its exterior square—is enough to show that U38 < GQ,
where G is a Q-form of E7. From there, by standard Bruhat-Tits arguments,
one deduces that U38 can be embedded in E7p for every prime p.
One of the great interests of such character-based proofs is that they
give a construction of the Lie algebra which is obviously rational (as long
as the given representation V is contained with multiplicity 1 in 2V ).
Using Bruhat-Tits theory, one can then go to characteristic p without much
trouble.
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